Dealing with lifetime distributions is interested in various scientific fields such as medical studies and social science. The aim of this paper to introduce Bivariate Weibull G distribution based on Rayleigh distribution. We use copula function to emerge the selected distributions. The proposed distribution could capture different shape behavior. We illustrate the joint distribution, the cumulative distribution and hazard functions of the proposed model. We construct the estimation equations via parametric estimation methods and discuss the goodness of fit test for copula function. Finally, the performance of bivariate Weibull Rayleigh distribution is discussed via simulation case study.
Introduction
Recently, it has requested to model serial dependence parametric distributions in many applications such as financial and physical data. Weibull distribution is the common lifetime distribution used for analyzing life data due to its versatility. It has the ability to apply in different form of parameters or mixed distributions.
Several approaches on Weibull distribution have devised to modify it with other distributions. The most attention is Weibull-G class which proposed by Bourguignon et al. (2014) . This class introduces one or more additional shape parameter(s) to the baseline distribution, which provides high-flexibility in model's structure with dependent variables, see Abd Elaal et al. (2017|) for more details. Usually, copula models are used to emerge the two lifetime distribution and form the joint distributions, such as AL-Dayian et al. (2009) among others.
In this paper, bivariate Weibull Rayleigh distribution is presented. Further, Gaussian copula is used to link the two marginal Weibull Rayleigh distributions and obtain Bivariate Weibull Rayleigh distribution.
Regarding to Alzaatreh et al. (2013a) , the probability density function (PDF) for Weibull G (WG) distribution can be formed as
where ( , )and ( , )are PDF and CDF of the baseline distribution, respectively. The random variable t has domain > 0, the scale parameter β > 0 while the shape parameter > 0. The distribution function of (WG) is written as
And, hazard rate function of (WG) is given by
Rayleigh Distribution
Rayleigh distribution is considering as lifetime distribution and a special case of Weibull distribution at = 2. Rayleigh distribution is used in complex images, engineering and physical applications. This paper aims to illustrate Bivariate Weibull G (WG) distributions based on Rayleigh distribution. We discuss the properties of this model and estimate its parameters.
Bivariate Weibull Rayleigh Distribution (BWRD) and Gaussian Copula
Let ( )is the PDF of Rayleigh distribution such that ( ; ) = 2 
and ( ; , ,
The Hazard rate function of (WRD) could be written as
Note that, when the shape parameter of Rayleigh distribution equals , the model become Chi-square distribution. Thus, the Weibull Rayleigh distribution (WRD) provides high flexibility in modeling any dataset with right skewed. We use Gaussian copula to emerge the two distribution, Weibull and Rayleigh distributions, which has the following form
Now, we perform Bivariate Weibull Rayleigh Distribution (BWRD) via Gaussian copula. Suppose the two variables 1 and 2 follow Weibull Rayleigh (WRD) distribution. Then, joint PDF of 1 and 2 has Bivariate Weibull Rayleigh Distribution (BWRD) based on Gaussian copula with the following model,
where > 0 ,the parameters , , > 0 , and the dependence parameter Figure ( 2) display the PDF curve of (BWRD). We discuss the estimation of model parameters in the next section.
Estimation of the parameters of Bivariate Weibull Rayleigh Distribution
We propose two parametric estimations methods to obtain the model parameters. The first method is Maximum likelihood estimation Method that estimates the marginal and copula parameters in two steps. The second method has known as modified ML, this method computes the estimation of the marginal and copula parameter using the pseudo-observations. 
Maximum likelihood estimation Method
Consider the joint PDF of the bivariate distribution is given as
The log-likelihood function could be written as
Firstly, we estimate the parameters of marginal distribution 1 and 2 , separately, using MLE as follows
To estimate the parameters of copula function we compute the optimization of the following
Study the modeling of bivariate Weibull Rayleigh distribution 1213 Now, suppose 1 , … , is a random sample of size n is drawn from (WRD), then the log-likelihood function is
The meaning of maximization is to find the derivative of log-likelihood function with respect to model parameters, then
Then, setting the Eq.(15), Eq.(16) and Eq.(17) to zero and solving the system for the three paramters , and , this step obtains the MLE of , ,and . Finally, the copula density is estimated as following
where 1 ( 1 ) and ,̂2( 2 )are the ML estimates of the parameters that obtained in the first step. The MLE of is calculated by solving the nonlinear equation of Eq.(18). Practically, the parameters estimation are obtained numerically using R software.
Modified maximum likelihood estimation (MML)
The MML method obtains the parameters of the proposed model as illustrated in this section. In first step, we compute MLE of the marginal distribution 1 and 2 as discussed in previous section, so log = ∑ log ( ) , = 1,2. = +1̂1 ( 2 ), while 1 , 2 are the ranks of 1 , 2 , respectively. Now, copula parameters is estimated by maximizing the copula density as follows,
Notably, it is important to compute the estimates of Cdfs marginal parametrically from the first step.
Goodness of Fit Test for Copula
Copula models are statistical tool used to model dependent random variables from their marginal distributions, in separate ways. It is necessary to choose the correct copulas to be consistent with the dependent marginal distributions. Several copula goodness-of-fit tests are proposed to test the reliable of copulas such as Fermanian (2005) . Regarding to Fermanian (2005) , proposed two tests on kernel estimation to measure the reliability of copula function. For bivariate model, we used the test that based on the bootstrap procedure which compares the parametric estimate of ( , ) with its empirical counter part ( , ). Suppose C is well-represented by a specific copula
In the case of empirical process, then
where ( , ) is the empirical copula of the data of 1 and 2 . Assume that 1 , 2 are respectively the ranks of 1 , 2 , then , and , are given as
. And ( , ) =
The estimate ( , ) is a consistent estimator and is an estimator of obtained using the pseudo observations. In practice, the test statistics has the following .
Simulation Data
The simulation study is used to study the reliability of Bivariate Weibull Rayleigh distribution. We select 1000 samples with different sizes from BWRD with parameters = (0.7, 0.8) , = (0.8, 0.7)and = (0.7, 0.9); = 1, 2. We use Gaussian copula parameter (θ) equals0.8.The parametric estimation methods MLE and MML are used to obtain the parameters of the proposed model. In addition, Kendall's tau and Spearman's rho are used to obtain the copula parameter.
Table (1) presents the results of simulation from BWRD when the size of sample is 20 data points. While the results of sample size 100 is displayed in Table (2) given from simulation study, one can conclude the estimates of model parameters are achieved to the value of actual parameters. It's clear the simulation results become reasonable with the increasing of the sample size. Table (1) and Table ( 2) illustrate the values of MSE and RMSE of the parameters estimation look smallest when the sample size is increased. Table ( 3) shows both Itau and Irho methods provide a good estimator of correlation parameter with smallest RMSE. The results of goodness of fit are displayed in Table (4) . Using parametric bootstrap method to test the selected copula function, the level of p-value shows the fitted copula appears an approporiate to the simulation and the marginals. 
